We derive an ansatz for the five dimensional equal-rotation Kerr-Newman metric that contains two unknown functions. By solving for these functions through perturbation series, we find that the metric can be cast into the Kerr-Shild form in a background that is flat at the spatial infinity. *
Introduction
Analytical black hole solutions are useful probes to the nature of gravitational field equations. 1 A good example is a solution that can be cast into the Kerr-Schild form [6] , for which the metric is written asg µν = g µν + h µν , with
where f is an arbitrary function. In this case, the classical Einstein equation is equivalent to its linearized form, and as a consequence, the solution by itself only probes dynamics of the linearized Einstein gravity. 1 We are most interested in the nonlinearity of Einstein equations, which has been a main source of difficulty, and which is also a source of puzzle when schemes like the post-Newtonian approximation works unexpectedly well outside its realm of validity [1] . There is expectation that experimental information on the strong field dynamics of gravity will become available from gravitational wave detectors such as the advanced LIGO and the advanced VIRGO within the next few years [2] . Further information may also be available from proposed spaceborne detectors such as eLISA [3] and TianQin [4] in the long run. This offers the real possibility to better understand the nonlinear nature of gravitational field equations, and it is important to study the problem even further from purely theoretical perspective. A related recent work can be found in [5] . 2 In this work, everything with a tilde is defined usingg µν , while all others are defined using g µν .
It is an intriguing fact that all the physically most important black holes in four dimensions can be written in the Kerr-Schild form and they obey linearized field equations. These include the Schwarzschild black hole, the Reissner-Nordström black hole, the Kerr black hole and the Kerr-Newman black hole. For higher dimensions, the Reissner-Nordström black hole has been generalized by Tangherlini in 1963 [7] and the Kerr black hole by Myers and Perry in 1986 [8] . In contrast, the five dimensional analogue of the Kerr-Newman black hole is still not known in a closed form, while some numerical result has been obtained previously [9, 10] .
Since both the Tangherlini solution and the Myers-Perry black holes can be cast into the Kerr-Shild form, it is a natural question to ask, as whether the same can be done for the five dimensional Kerr-Newman black hole. Without a full knowledge of the metric, it has been difficult to answer the question.
There have been previous attempts to construct the exact Kerr-Newman black hole in the five dimensional pure Einstein-Maxwell theory. Most useful for us is [11] , which, based on experience from [9, 10] , has studied a simple ansatz for the equal rotation case.
A perturbation expansion around the small electric charge has been carried out to the subsubleading order in the extremal case. This was generalized to include a Chern-Simons term with an arbitrary coupling constant in [12] . The small rotation limit of the solution has been studied in [13, 14] . In six and higher dimensions, more clues of the Kerr-Newmanlike solutions can also be obtained by using the blackfold method [15] .
In this work, we try to move one step further towards finding the exact five dimensional Kerr-Newman black hole. By starting from the ansatz used in [11] , which contains six unknown functions in total, we have managed to partially integrate the equations of motion and have thus reduced the total number of unknown functions to two.
Unfortunately, finding the exact result for the two last unknown functions turns out to be extremely difficult. We have tried to solve the equations through perturbation expansion, both by expanding around large radius and around small electric charge, but without a final success. However, the result obtained so far does help us show that the metric can be cast into the Kerr-Schild form in a background that is flat at the spatial infinity. We use this to study the nonlinearity of the field equations to be obeyed by the full solution.
The Ansatz
Our starting point is the equal rotation ansatz used in [11] ,
which has the remarkable feature that, all the unknown functions F , W , N , B , A t and A φ only depend on r . A similar ansatz has been used in [12] to study charged rotating black holes in general odd dimensions, where the Einstein-Maxwell Lagrangian is supplemented with a Chern-Simons term with an arbitrary coupling constant.
The equations were originally solved in [11, 12] for extremal black holes, by expanding the many unknown functions in the limit of small electric charge (characterized by a parameter q , defined through A t ∼ O(q) ). Results up to the cubic order in the q expansion is known.
We find that some of the field equations can be integrated for the ansatz (2). This is done by firstly introducing a new function Z , such that
where c 0 is some constant, and f ′ ≡ ∂ r f , ∀ f . With this we find
The metric can now be written as
We further find that A t only appears in the equations through its first and second order derivatives. This leads to
whereÃ φ is determined byÃ
Finally, B is found to be
With these, everything has been determined through Z and A φ . And we have thus reduced the total number of unknown functions to two.
Unfortunately, the equations for Z and A φ are very unwieldy. We have tried to solve the equations through perturbation series, both by expanding around large radius (r → ∞) and around small electric charge (q → 0). In this process, we have chosen c 0 = m 2 − 2ma 2 − q πq .
More details are in the following subsections.
Expansion around large radius
We have tried to expand Z and A φ around r → ∞ , up to dozens of orders, hoping to find a recognisable pattern in the coefficients. This has not been successful yet.
The first few terms in the expansion are
where s is a free numerical constant, and the value of q is fixed through
At the spatial infinity, we find (in the notation of [14] )
corresponding to a gyromagnetic ratio g = −3s .
Expansion around small charge
We have also tried to expand Z and A φ around q → 0 in the extremal case (which has to m = 2a 2 ), just like in [11] . To find possible recognizable patterns, we have pushed the perturbation series a couple of orders higher than those in [11, 12] . The result is
where the first few coefficient functions are given in the appendix A.
In this process, we have set s = −1 , and the results coincide with (9) in regions where the two types of expansion overlap.
A different convention was used in [11] (there the black hole mass was found to be
8a 2 + · · · ) and so the corresponding expressions do not appear identical. The appearance of Polylog functions Li n (u 2 ) in the coefficients at higher orders not only shows how complicated the full solution can be, but it has also made it very difficult to arrange the results into a fully recognisable form.
The Kerr-Schild form
By pushing the series expansion in (9) up to the order O( 1 r 30 ) for both Z r 4 and r 2 A φ , we have found some confidence to say that, with the redefinition
the metric (5) can be cast into the form ofg µν = g µν + f ξ µ ξ ν , with
, P 2 = c φ ,
Here c φ is an arbitrary constant and F 1 (r) is a free function. Given that F 1 (r) → 0 as r → ∞ , then the background metric g µν in (14) approaches that of a flat spacetime at the spatial infinity.
We find that ξ µ obeys (1), showing that the five dimensional equal rotation KerrNewman metric (5) can be cast into the Kerr-Schild form.
A full analogy with the four dimensional Kerr-Newman black hole would have required that A ∝ ξ , but this is not true for (14): The R 2 dr term can always be included into A after a gauge choice, but
Setting c φ = as , one has A ≈ A t ξ at the spatial infinity.
To see how these properties can affect the equations of motion, we briefly recall some basic properties of (1). The inverse metric is
The affine connection is
which leads to K ρ ρν = 0 . The Ricci tensor is [16] 
Now consider the Einstein-Maxwell system, 
which, given (1), are equivalent to
So the Maxwell equations are not perturbed in the case A µ = const. ξ µ , but there is correction at the order O(h 
The left hand side is linear in h µν , as is obvious from (18). On the right hand side, however, there is either no correction from h µν when A µ = const. ξ µ , or otherwise there is correction up to the order O(h 
Summary
We have derived an ansatz for the five dimensional Kerr-Newman metric with equal rotations. Through perturbation expansion, we find that the metric can be cast into the Kerr-Schild form in a background that is flat at the spatial infinity. The equations are not fully linearized due to the fact that A µ = const. ξ µ , in contrast to the case in four dimensions.
The appearance of nonrational functions in the expansion coefficients in the appendix A indicates that the five dimensional Kerr-Newman metric is likely to offer more information about the underlying field equations than its four dimensional counterpart. So it is highly desirable to find the full analytical solution and to study the general case when the two rotations are independent. A Coefficients in the expansion around small charge 
